SYDNEY GRAMMAR SCHOOL

2011 Half-Yearly Examination

FORM VI
MATHEMATICS EXTENSION 2

Monday 28th February 2011

General Instructions
o Writing time — 2 Hours
e Write using black or blue pen.

e Board-approved calculators and tem-
plates may be used.

e A list of standard integrals is provided
at the end of the examination paper.

e All necessary working should be shown
1n every question.

e Start each question in a new booklet.

Structure of the paper
e Total marks — 78
e All six questions may be attempted.

e All six questions are of equal value.

Checklist
e SGS booklets — 6 per boy
e Candidature — 87 boys

Collection

e Write your candidate number clearly
on each booklet.

e Hand in the six questions in a single
well-ordered pile.

e Hand in a booklet for each question,
even if it has not been attempted.

e If you use a second booklet for a ques-
tion, place it inside the first.

e Place the question paper inside your
answer booklet for Question One.

Examiner
TCW
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QUESTION ONE (13 marks) Use a separate writing booklet.

(a) Solve 2% +4z+5 = 0.

(b) Given z =2 — ¢ and w = 3 — 44, express the following in the form a + b,

where a and b are real:
(i) iz
(i) z+w
1
(iii) —

w

(iv) (z — 1)2

(c) Given that 5+ 2i is a root of the equation z? — 10z +n = 0, find n.

(d) (i) Find the complex square roots of —24 + 10:.
(ii) Hence, or otherwise, solve:

22— (34+i)z+8—-i=0

QUESTION TWO (13 marks) Use a separate writing booklet.

(a) Find:
(i) /7(333 1 dx

(ii) /\/ﬁdaz

(b) Evaluate:

i

6
i sec 2x tan 2x dx
(i)
0
T sinzx
.. d
(11) /g 1 —coszx *

(c) Use integration by parts to find /az cos z dx.

3 1
(d) Use partial fractions to find / 2337-’_ dz.
¢ —x—6

Exam continues next page ...
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QUESTION THREE (13 marks) Use a separate writing booklet.

(a) Use implicit differentiation to find the gradient of the tangent to the curve
2> —y? =1 at the point (2,V3).
(b) Let z = p(cosa + isin ) and w = g(cos B + isin 3), where p > 0 and ¢ > 0.
(i) Find zw in the form r(cos 6 + isin ).

(ii) Hence prove that |zw| = |z||w| and arg(zw) = arg z + arg w.

(c) Let 21 =1—1i and 29 = —V6+V2i.
(i) Express z; and z3 in modulus—argument form.

.o _ . 77T
(ii) Show that z;z9 = 4cis 15

(iii) Plot the point representing z1 z2 on the Argand diagram and hence find the exact

value of tan %

Exam continues overleaf ...
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QUESTION FOUR (13 marks) Use a separate writing booklet.

(a) Sketch the locus of z in the complex plane if arg(z — 1)

b
(b) N

s

1

C

In the Argand diagram above, ABCD is a square.

A represents the number

z1 = —1 4+ 47 and B represents the number zo = —3 + 0i.

diagonals of ABC'D.

v) Let w = 3iz; and let P represent the complex number w. Copy the diagram
2

above and clearly show the point P.

i

2
(c) Evaluate / sin® 2z dz.
0

1

(d) Use the substitution u = /7 to find / CENG

Find the complex number represented by the vector BA.

Hence find the complex number represented by the vector BC.
Find the complex number represented by the point C.

Find the complex number represented by the point M, the intersection of the

dzx.

Exam continues next page ...
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QUESTION FIVE (13 marks) Use a separate writing booklet. Marks
(a) Show that cos™ 2 —sin™! 2= sin~? 5.
(b) A complex number z satisfies |z — 6i| = 3. Use a diagram to find the maximum

possible values of

(i) |21,

(ii) argz, where —7 < argz < 7.

][] [=]

(¢c) The complex numbers z1, z2, z3 and z4 correspond to the distinct points A, B, C
and D respectively in the complex plane. If 27 — 20 + 23 — 24 = 0, what type of
quadrilateral is ABC D? Justify your answer.

(d) Prove by mathematical induction that for all positive integers n,

tanx + 2tan 2z + 4tan4z + --- + 2" ' tan(2" " 'z) = cot x — 2" cot(2"x).

The Examination Continues over the Page

Exam continues overleaf ...
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QUESTION SIX (13 marks) Use a separate writing booklet.

(a) Consider the function f(z) = tan™'(1).

(i) Describe the symmetry of the graph of y = f(z).
(i) Find f'(z).
(i

(iv) Find the equation of the horizontal asymptote.

)
)
)
(v) Sketch the graph of y = f(x).

(b)

A

B

Describe the behaviour of f(z) as x — 0 from above and from below.

The diagram above shows a vertical light tower OL of height x metres. The angle
of elevation of L from A is 45°, the angle of elevation of L from B is 30° and the

angle AOB is 45°. Let /ALB = a.
(i) Show that AB% = (4 — v/6)xz%.

2+6
42

(ii) Show that cosa =

(iii) Suppose that Pablo walks in a straight line from B to O. Let the variable point

P represent his position and let the angle of elevation of L from P be 6.

1 1
Let /ALP = (3 and show that cos 3 = ﬁ sin 6 + 5 cos 0.

(iv) If the light tower is 10 metres high, find the exact distance Pablo has to walk

along BO so that his position P will minimise (3. Justify your answer.

END OF EXAMINATION
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The following list of standard integrals may be used:

1
/x"das: "o #£ -1, x£0,iffn<0
n+1

1
/—dx:lnx, x>0

X

a

1
/e”dx:—e”, a#0
1.
/cosaxdx:—81nax, a#0
a
) 1
/Slnaxdx:——cosax, a#0
a
2 1
sec“arxdr = —tanax, a # 0
a

1
/secaxtanaxdx = —secax, a#0
a

1 1 T
/mdl’—atan E,a#O
1 x
— — _dr=sin"'Z, >0, —a<z<a
/\/c12—332 a’ ’

/\/%d{t:ln(x-i- 332—612) :L'>a;>0
2 — a2 ’
1
— 2 2
/ x2+a2d9§—ln<x+ T +a)

NOTE: Inx =log,x, x >0



,.,,?tc_?_f_’_ HAL—F %Fﬁrm-"f F/XAM{A/A-{IOA/ -~ F)(T‘ENSIOI\I 2.

/

Iy

i EFTF = Toee

11

R R I N T
’f‘}_ 3 -4UL 3 +da

n

o~
t

&y

(v) (z-1) :

-

n
t
?.
!

“a'Z«L
25 + 204 ~Y ~§0-204 41 =0

() i ,
S wilt s+ hfla =2 {
’ J )
N = g
/

f

(d) @) Aot (X'Hy = -y b to4
“‘j s Aixg” ~xw ¢ (04 v
£?ua,ﬁuj veaf cungl ~1wa3,1 ouy f;ct/C;
-
—1-54 .

= =4
X ﬁf F ____x-/,jg"
m wwypf-ew szuowe Motf AL

) z*-(3ri)z + 8-4 = O
A = GrbAi-~) ~32 3 uS
= ~24 + (o4 v

_ /+5'-<,' ool

a+3.L R




& uesfion 2

Prfimmmmme e s e oems —ome s
(0{) (j) (131’}; ox = ] 37( (7{ f-f)
Lo vy
, 3(xre) e /

i ) |

“

-
—

o

I

/xw;x du

Jaxe |l
/(x 3)(Jc+:_)

1 ;o
dx =
HON //m * f3‘/(,jxi

\'_:,.L Sint ™ ’3’177 ,r_c )

i R SRR T / . e
)| /6_.5_2(,2){ Fac 1 of

f[en]F
: -J(Scc' _ see o) o
;‘- ( :L - 1) -

1t T

Yt

T

Chet Bl
(x-})(mn) |
Skt

/l»\, ({-w;rr) - /b\ [/- ws.g')

fu2 ~tud
* v

2 fn 2

‘X‘Sf'uk - f Stuve x [ £

XSl ¥ oL Cos K +

4 . 8
-3

i

Y fa

f ,_4(5;-3) £ 8(x ,L':L')

-5 = -5A

‘o
m ;
N

78
&

0(7( = / ! . Z ol %
M+ %3

[p[-/%+2_/'+ 2 fn /1{—3/

i

i

[/w/hw;x/]ﬁ /

-

v
-

v

v

Ll o

/mf?e:f:;/(%-%j_?* 7+ <

e



VLAR JTIVYL o/

)

NGRY

i) 222z (1=d)(~Jeriz )

ey wen)
_ ,
¥ ~ = . -
BoR. T l“j -:%? > 0 ) / , (7(.@?&@—%’ 7 f&tuf&s’f . /-;'_}» / ,
Ay . x
. ax 7
> = F(COS‘(_'{'—«-;S.;PLOC) ) 4_/\)'..'-‘ % (c.oJP f{;}mﬁ)
_(_;) Zw _.—___Pol,( Coso(co.sp + —(q;_s»é,A.«'mﬁ_ + A Aim o w,r/a -~ ﬂh&muﬁ) l/

= ﬁ.%_((wfoé._gos_)a R 314 MMﬁ)'ﬁ 1'(«?&0( LB+ P eos
= P% .(cos (<+p) + 4 m‘w(owp)_) ) )/

i Aow (i) , [z~{ = pg

= (=2[[w]
 aud org(20) = L+p
= sz - Mjw

6
Z, = .2,/;—1'_(w5 SI pisin £
s 6 T) /

SR r AL ST L T / L AR %""r‘tﬁ_-ﬁﬁ/

= (ER) + () L

A
N/
g

e A2

. ;2;_‘/_3_.



()

o

n

L"’L -

1-3-’«--2*(-/- w@‘--Z}t) o

T S
- /" S 2IH — 5 Iy oft Lae

3
[—w{&o‘s 23+ -{-:— tos A K

“(Aed)

¢

I ;

[ :3_ —_ .

) @om

C(:—RE)

ol
r

]:.

-]

i



(4)

(o]

- Sin O(coJﬁ - Ja'm/{? cos o
= [ 8/7 _ 2+ 3
s 7a” v
= 3s - 27
Y
- -
= 2 ’/
—'3 - S'\""F% = Sin™’ 'gT, /v e _(“!"ﬁ) A7 ocesnte
A lua
19
g-6i[=3
6
. (;’.) Sfin & = _5_
5 .
z _;_f[ / _
7 e ey avy g = L+ _gz
- ) 03__71— /
A(2,) 3
s . ! /Nw\
£, 722 +23-2, =0
2,-2, ° 2“',23 _
—-— / D(E : \B.CE")
2, -2 Aeqr BA
T TE vepresant BA N
aaned 2‘[(._?_-3 mpmt’; cp \

57ma/{’ Y~ CA DAy (.5& T LD have 71

Cop ey Mﬂﬂfm‘?’w?‘u{ gl y&Wu‘{m P

ABCD) & &

5o
(2 ,Dppwif e oleyg i7u-wf a\-e{/:;avwwj) i

povatlelog., qua

-




&Mﬁwf (com‘) |

(ﬂf) ‘f'onu__'u_ Fltoanm2xy fan i +..,

+ Q""f&g{&""x} = ot x—d cot (2“1)

A

C,v, -

< ! LHS = Fowu
whaxa n ) _ _ t _ /
RHS = totx- Qewt an v
= ! - X L= ton’x

Ffoawyx ',:L/f-aux

< [ — [ + fau®

X
7o % o - /

- HS‘

i

-

50 Ahe Aafofenaet L e 7(:0-( n= o,

Qg Alu MW&WﬂSDM4\A"—y{/ﬂ=k.

Aeunne tal _ ,
faux F2fan 1N £ Yfana .- fa"’ﬂw\(a x) ecol x-";ZkC_OC(.ZkX)
2—®

MM/)MWMMW #wfo«n:—k#/

'f'qux F3 Forn ot + Ffou Hfx +...+52k f—au(ﬁ‘é 'x) ¥+ & -/-aog_(.?, a)
s ot x = 2 eor(@ x )

LHS = cofx- zkéof:(l“x") + 2%faun @"x)___?ﬂw@ >

ot X - 2 ((,of' 2 Ex «-f—aa(z"x})

- cofx - 2% 7 _ €

Lt b [ et

R wfx - z" wZ ( [~ foe” (;L" ) )

-me«(;z'a )

A h:m(lx.z"x)

P

1

e A I S e

-

Anele ekl Ahaf She grafeseend D Aug o

LGHA PR AwFlgess .



.(g) f(x): faw"(‘;’)
@ () E At %)
= -v‘au'(;{’—)

- A

e #(") A7 aw ool ﬁvcﬁm
JOMﬁr%kof’yﬁ)mM AL

i) fiin) = ~7?1‘;'
‘ 1+ £
-x‘\—
| = — f l/
I /4—7(1
@9 x>0V L > so Flx) —
g x—waO") L -
® /
(v) aq X7 P -?%—eo 50 ;ﬁ[x) > 07
—o0
7> o — .i_-—aof J ﬂ)—QO

(v) 7

a2 R

FOTE L

\

mmﬂ#’ . /
Rotfot ol 3(7&;\0\—-.&1‘/:7 ? Fo" abon ’g mf\f\'y.

(%a”’i :"'(fﬂm )



I

_ai)

- 2l Tfnau‘jl{

7'71‘5(77"0 solve Lor
04 08, AL and BL,

o aALp

Trin

_-«,,2 Slﬁx

g
RN T

2 e
L

JE) x ™

wsn (4 7 ) o

b - 4T cos

, L/c') .
(4)5 ruCe AlA A A’DP

— V2 s @

WJP

osp

o o +}(1,_2¥'i;{;?—é¥6—£;)""; ' 2'
-2 JE x* |
/3 SfVl 0‘ l/

R S ey
s &

'i'sm&. Q.af' w:ﬂ
S/ké" + ;{- cos

-




(iv) Cosg = S sE # £ 010 _
4 g
Aet A0S (O~ u) = ‘;_::qu&#.zt-oSQ 3'

acos@eroSu + AsiL@srme = L sruE +:Lfr,¢;9
5%
o aoos.u::{ at =4 4 2 ta _ L X2
s/ s i 2 “noAL = I/z-_ /
[~ e &
' z

cos f3 = 'J;% Cos(p—%au".fg)

B = co_s"( 'gw.s(e-%au"ﬁ)) 1/

/3 :,, WW\A»-:A.Qoe Al cos (9 - fau"ﬁ) ,{4 Mabq—g'm;:eo(
AR, SXN 9’ focw = J2

w

%au.e:'& :-;:-—'
i A
\E
Whet 7L-=for op = }—% - 5"/5
So aNw Pablo Arod anree (g o (foﬁ—fﬂ) v , ﬁ 2
al o MaAcmaiag | '/
i
NoTE A od e tan [3 wr 30° Akata a8 = fa(/“"ﬁ : gS-°

Whae ©=30° £ 38°
Lo O=T0° B &S



--d“}__..n_...... ﬁ = (zﬂj- ( ﬁ_ﬁ S'M& -+ .:)—L_.w‘} & ) {W’I? (A‘“’s’ D"W«U‘Uﬂ/ﬁ' atfion

e Do.CB Leos @ |
% Lo ~ fem® T““L%”

_ A cos &
I —— . - o, 2
Sn«P .7& = =0y & ~ "!S'\'\9

S - “‘ﬁ%r‘ 7 sk foos o)™

e réﬂ =0 f#«f\&&:;écose 500.(_,9-—0 A mga
—_— _.:...‘_.k“g e d '9 e i V 2- d B
fauwe = 9 ,{,

_ R o= o[22 550 2
Smuz. J‘rvLF > (s}
_ _ B i _ " 7LQUL 9’ - ﬁ ______

(=]

e | 0 |fuT2 | 6o

e _g_ﬁé ______ 7Y, 0 0-}09 S —

e (3 ) S

So we havt Mminivawm o aimen O = faJ2 0

oR ..,jjl__ A (VAT 2 ﬁ Anre Avpa %oMM?W eos B
y i

S "‘ji—dji-a(? + L o5 ©
ot es e — 4 i@ o e
A c;_ ) A ouse = £ e e o
- — - jﬁ ........ —
4 fore & ¢ ‘/i _____ B

__ _—_ _ Y o Lo &= Ffan 2
e o




	FormVI_Extension2_HalfYearly_2011-2
	FormVI_Extension2_HalfYearly_Solution_2011-3

